Abstract. We prove that the meromorphic continuations of the Ruelle and Selberg zeta functions considered by Bunke and Olbrich are of finite order not larger than the dimension of the underlaying compact, odddimensional, locally symmetric space.
Introduction
Let Y = Γ\G/K = Γ\X be a compact, n− dimensional (n odd), locally symmetric Riemannian manifold with negative sectional curvature, where G is a connected semisimple Lie group of real rank one, K is a maximal compact subgroup of G and Γ is a discrete co-compact torsion free subgroup of G.
The covering manifold X is known to be a real hyperbolic space HR n . We require G to be linear in order to have complexification available. In [4] , authors derived the properties of zeta functions canonically associated with the geodesic flow of Y . For even n, we proved that such functions are quotients of some entire functions whose order is not larger than n (see, [2] ). In this paper, which can be considered as a natural continuation of our previous study, we prove analogous results for odd n.
Preliminaries
Denote by g, k the Lie algebras of G, K and let g = k ⊕ p be the Cartan decomposition with Cartan involution θ. Fix a one-dimensional subspace a ⊂ p and let M be the centralizer of a in K with Lie algebra m.
We denote by (., .) the Ad (G)−invariant scalar product on g which is normalized to restrict to the metric on p.
The unit sphere bundle SX of X may be represented as the homogeneous space G/M . Therefore, SY = Γ\G/M .
Let G = KAN and g = k ⊕ a ⊕ n be the Iwasawa decompositions of G and g, let Φ + (g, a) be the positive root system and W its Weyl group. Put
where m α is the dimension of the root space corresponding to α. Let A + = exp (a + ) ⊂ A, where a + is the positive Weyl chamber, i.e., the half line in a on which the positive roots take positive values.
We choose a maximal abelian subalgebra t of m. Now, h = t C ⊕ a C is a Cartan subalgebra of g C . We choose a positive root system Φ + (g C , h) having the property that
, where R (K), R (M ) are the representation rings with integer coefficients of the groups K, M , respectively.
Since
Following [4, p. 27], we distinguish between two cases. Case (a): σ ∈M is invariant under the action of the Weyl group W . Choose γ ∈ R (K) such that i * (γ) = σ. Note that γ is uniquely determined by this condition. More explicitly, let
where a i ∈ Z and γ i ∈K. Form
where
− is a Z 2 -graded homogeneous vector bundle on X associated to γ and
is a Z 2 -graded vector bundle on Y , where (χ, V χ ) is a finite-dimensional unitary representation of Γ.
Using the scalar product (., .), we define the shift constant
where µ σ ∈it * is the highest weight of σ (see, [4, pp. 19-20] ). The aforementioned scalar product also fixes the Casimir operator Ω acting on sections of the bundle V (γ). Finally, we define the operator (see, [4, p. 28 
where s is the spin representation of Spin (n) and γ ± are representations of K such that for the nontrivial element w ∈ W we have
where ν k is the last coordinate of the highest weight of σ and s ± are the half-spin representations of
and the operators
in the same way as in the case (a). Since V Y,χ (γ s ) is a Clifford bundle, it carries a Dirac operator D Y,χ (σ). We make this Dirac operator unique reasoning exactly as in [4, p. 29] .
Being selfadjoint, the Dirac operator D Y,χ (σ) satisfies
Let E A (.) be the family of spectral projections of a normal operator A. For s ∈ C, we define
Note that the multiplicities m χ (s, γ, σ), m s χ (s, σ) do not depend on the choice of the representative (2.1) of γ.
Define the root vector H α ∈ a for α ∈ Φ + (g, a) by
Requiring that e 2π i εα(σ) = σ e 2π i Hα ∈ {±1}
, α , where α is the long root. For such α and σ ∈M , we introduce ǫ σ ∈ 0, 1 2 by
where T = |α|.
Zeta functions
We denote by CΓ the set of conjugacy classes of Γ. Γ being co-compact and torsion free, each γ ∈ Γ, γ = 1 is hyperbolic. It is well known that for every hyperbolic g ∈ G there is an Iwasawa decomposition G = N AK such that g = am ∈ A + M .
Let ϕ be a canonical dynamical system on SY . It is given by
where H ∈ a + is the unit vector. Define
As easily seen, the free homotopy classes of closed paths on Y are in a natural one-to-one correspondence with the set CΓ.
If
, then the corresponding closed orbit is
where g ′ is choosen so that g Here, a closed orbit c through y ∈ SY corresponding to [g] ∈ CΓ is called prime if |log (a)| is the smallest time with ϕ (|log (a)| , y) = y. We point out that Z R,χ (s, σ) is associated to the flow ϕ χ,σ . The geodesic flow ϕ satisfies the Anosov property, i.e., there is a dϕ-invariant splitting
where T 0 SY consists of vectors tangential to the orbits, while the vectors in T s SY (T u SY ) shrink (grow) exponentially with respect to the metric as t → ∞, when transported with dϕ. In our case, the splitting is given by
wheren = θn. Now, the monodromy P c in T SY of a closed orbit c, decomposes according to the splitting
For s ∈ C, Re (s) > ρ, the Selberg zeta function is the infinite product
where S k is the k-th symmetric power of an endomorphism. In case (b), the authors [4, pp. 97-98] also defined
and the super zeta function
for the non-trivial element w ∈ W . It is known [7] , that the Ruelle zeta function can be expressed in terms of Selberg zeta functions.
We have
are such sets that Λ p n C decomposes with respect to M A as
Here, V τ is the space of the representation τ and C λ , λ ∈ C is the onedimensional representation of A given by A ∋ a → a λ . In case (b), the singularities of S s χ (s, σ) are at is and have the order m s χ (s, σ) if s ∈ R is an eigenvalue of D Y,χ (σ). Furthermore, in case (b), the zeta function Z S,χ (s, σ) has singularities at is, ±s ∈ spec (A Y,χ (γ s , σ)) of order 
Main result
The main result of this paper is the following theorem
, then there exist entire functions Z 1 (s), Z 2 (s) of order at most n such that
where the zeros of Z 1 (s) correspond to the zeros of f (s) and the zeros of Z 2 (s) correspond to the poles of f (s). The orders of the zeros of Z 1 (s) resp. Z 2 (s) equal the orders of the corresponding zeros. resp. poles of f (s).
is an elliptic operator of the second order, we have the estimate (see, [5, p. 21 
as r → +∞.
Denote by S the set of singularities of f (s).
for any ε > 0. Let R 1 , R 2 denote respectively the sets consisting of the zeros, poles of f (s). For simplicity, the point s = 0 will be considered separately. Assume that 0 / ∈ R i , i = 1, 2. Put m 0 = 2m χ (0, γ, σ). It follows from (4.1) that (4.2)
for i = 1, 2 and for any ε > 0. Let ρ i 1 resp. p i denote the convergence exponent resp. the genus of the set R i for i = 1, 2 (see, [3, p. 14] 
is an entire function and has no zeros over C. Hence, (see, e.g., [6] ), there exists an analytic function g (s) such that
for s ∈ C. By taking logarithms of both sides, we obtain
Differentiating n+1 times and having in mind that the logarithmic derivative of f (s) is given by a Dirichlet series absolutely convergent for Re (s) ≫ 0 (see, [4] ), we conclude that
Therefore, the degree of g (s) is at most n. Now, the assertion follows from the representation
for any ε > 0. By the same argumentation as in the previous case, the assertion follows. Finally, if f (s) = Z S,χ (s, σ) (case (b)), the theorem follows from the fact that Z S,χ (s, σ) = S χ (s, σ) S s χ (s, σ). This completes the proof.
Corollary 4.2 A meromorphic extension over C of the Ruelle zeta function Z R,χ (s, σ) can be expressed as
where Z 1 (s), Z 2 (s) are entire functions of order at most n over C.
Proof. An immediate consequence of the formula (3.1) and Theorem 4.1.
Remark 4.3. An approach using the Selberg zeta function is not always sufficient to reach expected error terms in the prime geodesic theorem. As explained in [8] , this approach provide us only with the error terms corresponding to the poles of the logarithmic derivative of the Selberg zeta lying in the strip n − 2 < Re (s) ≤ n − 1. In case n > 3, the meromorphic continuation of the Ruelle zeta function yields more satisfactory results (see, [1] , [8] , [9] ).
